Abstract. We investigate the deformations of pairs (X, L), where L is a line bundle on a smooth projective variety X, defined over an algebraically closed field K of characteristic 0. In particular, we prove that the DG-Lie algebra controlling the deformations of the pair (X, L) is homotopy abelian whenever X has trivial canonical bundle, and so these deformations are unobstructed.
Introduction
Let X be a smooth projective variety with trivial canonical bundle defined over an algebraically closed field K of characteristic 0. It is well known that the deformations of X are unobstructed by the Bogomolov-Tian-Todorov Theorem.
The aim of this paper is to give a short and purely algebraic proof that, for every line bundle L on X as above, the deformations of pairs (X, L) are unobstructed. Theorem 1.1. Let L be a line bundle on a smooth projective variety X defined over an algebraically closed field K of characteristic 0. If X has trivial canonical bundle, then the pair (X, L) has unobstructed deformations.
This result was inspired by the ideas contained in [IM17] and, mainly, by the very recent preprint [LP19] . In the fifth version of [LP19] , the authors proved the above theorem in a completely different way over the field of complex numbers, while in the previous versions of the preprint the same result was proved under some additional assumptions on the pair (X, L). Their proof is also valid for varieties with torsion canonical bundle and relies on Beauville-Bogomolov decomposition Theorem and on some explicit computations on the Hodge loci in the period domain.
Here, we show Theorem 1.1 by investigating the differential graded Lie algebra (DG-Lie algebra) associated with the deformation problem. A DG-Lie algebra is homotopy abelian if it is quasi-isomorphic to an abelian DG-Lie algebra. This implies that the associated deformation functor is isomorphic to the deformation functor associated with an abelian DG-Lie algebra that is smooth. Therefore, if a geometric deformation problem is controlled by an homotopy abelian DG-Lie algebra, then it is smooth, i.e., the geometric deformation problem is unobstructed.
For example, Bogomolov-Tian-Todorov Theorem is a consequence of the stronger fact that the DG-Lie algebra associated with the infinitesimal deformations of X is homotopy abelian [GM90, Ma04, IM10, Ia17] . In [KKP08, Ia15] , the authors extended this result to the deformations of pairs (X, ∆), showing in particular the homotopy abelianity of the DG-Lie algebra associated with the infinitesimal deformations of a log Calabi-Yau pair (X, ∆), i.e., ∆ is a smooth anticanonical divisor in a smooth projective variety X. Following these ideas, we are able to prove the following stronger result that implies Theorem 1.1. Theorem 1.2. Let L be a line bundle on a smooth projective variety X defined over an algebraically closed field K of characteristic 0. If X has trivial canonical bundle, then the DG-Lie algebra controlling the deformations of the pair (X, L) is homotopy abelian.
It is well known (see e.g. [Hu95, IM17] ) that the DG-Lie algebra controlling the deformations of the pair (X, L) is the algebra RΓ(X, D 1 (L)) of the derived sections of the sheaf of first-order differential operators on L: this is an object in the homotopy category of DGLie algebras and then it is represented by a DG-Lie algebra up to quasi-isomorphism. Over the complex numbers, a possible representative of
.12]. However, in this paper we work over any algebraically closed field K of characteristic 0 and so we adopt the purely algebraic construction, described in [IM17, Sections 6 and 7], of the Thom-Whitney-Sullivan totalization with respect to any affine open cover.
The main idea behind the proof of Theorem 1.2 is the following. Given a pair (X, L), we construct a new pair (Y, ∆), where Y is a P 1 -bundle on X and ∆ is a smooth divisor in Y . Whenever X has trivial canonical bundle, the pair (Y, ∆) is a log Calabi-Yau pair. Then, we conclude the proof showing that there exists a quasi isomorphism between the DG-Lie algebra controlling the deformations of the pair (X, L) and the homotopy abelian DG-Lie algebra controlling the deformations of the pair (Y, ∆) (Lemma 2.2). Hence, we deduce Theorem 1.1.
The proof
Let L be a line bundle on a smooth algebraic variety X of dimension n over an algebraically closed field K of characteristic 0 and denote by L = O X (L) the invertible sheaf of its sections. According to [IM17, Section 5], we denote by D(X, L) the sheaf of the derivations of pairs which is the subsheaf of
It is almost immediate to see that D(X, L) is a sheaf of Lie algebras over K and that the projection on the second factor (h, u) → u induces an isomorphism with the sheaf D 1 (L) of first-order differential operators [IM17, Example 5.2]. In particular D(X, L) is locally free of rank n + 1 and there exists the following exact sequence
together with the two distinguished sections ∆ 0 and ∆ ∞ corresponding to the two direct summands, namely:
If ∆ = ∆ 0 + ∆ ∞ , then we have the adjunction formula p * K X = K Y + ∆: this follows from the relative Euler exact sequence [Ha77, Exercise III.8.4]. It can be also proved by noticing that if ω is a rational n-form on X then p * ω ∧ dt t , where t is a local coordinate frame on the fibres of L, is a well defined rational n + 1-form on Y . Note that if X has trivial canonical bundle, then ∆ is an anticanonical divisor in Y , i.e., (Y, ∆) is a log Calabi-Yau pair.
We denote by Θ Y the tangent sheaf of Y and by Θ Y (− log ∆) the subsheaf of vector fields that are tangent to the smooth divisor ∆. Note that Θ Y (− log ∆) is the subsheaf of the derivations of the sheaf O Y preserving the ideal sheaf of ∆. Moreover, since ∆ ⊂ Y is smooth, there exists the following exact sequence
Lemma 2.1. In the above notation R i p * Θ Y (− log ∆) = 0 for every i > 0 and there exists a natural O X -linear isomorphism of sheaves of Lie algebras
Proof. In the sequel, we shall denote by U = Y − ∆ ∞ the total space of the dual bundle of L. Assume first that X = Spec A is an affine scheme and that L is the trivial line bundle. Thus Y = P 1 × X, ∆ = {0, ∞} × X and then
where q is the projection onto P 1 . Since Θ P 1 (−0 − ∞) is trivial, we have that 
We point out that p * Θ Y (− log ∆) is a locally free sheaf of rank n + 1, whose sections are of type χ + at d dt , where χ ∈ Θ X , a ∈ O X and t is a linear coordinate on the fibres of L.
. In this setting, there exists a unique A-linear morphism of Lie algebras
such that Ψ(h, u)(a) = h(a) and Ψ(h, u)(m) = u(m) for every a ∈ A ⊂ R and every m ∈ L. The unicity is clear by Leibniz formula: for the existence, using the isomorphism R = A[z] it is sufficient to define
We have h + u(z) d dz (a) = h(a) for every a ∈ A. Every section of L is of type az for some a ∈ A and then
Notice that, since u(z) = zk for some k ∈ A, the vector field Ψ(h, u) is tangent to ∆ and then belongs to Γ(X, p * Θ Y (− log ∆)). The local unicity allows to glue the morphisms Ψ on open affine subsets to a morphism of quasi-coherent sheaves D(X, L) → p * Θ U whose image is contained in p * Θ Y (− log ∆). Moreover, the explicit local description of Ψ implies that Ψ : D(X, L) → p * Θ Y (− log ∆) is an isomorphism of locally free sheaves of rank n + 1.
Given a coherent sheaf of Lie algebra F over X, we denote by RΓ(X, F ) the DG-Lie algebra of derived sections. Let U = {U i } i∈I be an open affine cover of X, we denote by C * (U, F ) theČech complex of F , i.e., the cochain complex associated with the semicosimiplicial Lie algebra:
An explicit model of RΓ(X, F ) is given by the Thom-Whitney totalization Tot(U, F ) associated with the semicosimplicial Lie algebra F (U), see e.g. [FMM12, IM17] . Note that the homotopy class of the DG-Lie algebra Tot(U, Proof. Let U = {U i } i∈I be an open affine cover of X and take an open affine cover V = {V j } j∈J of Y together with a refining map r : J → I such that p(V j ) ⊂ U r(j) for every j. The above data give a morphism ofČech complexes
which is a quasi-isomorphism by Leray spectral sequence (see e.g., [Vo12, Theorem 16 .11]). Therefore, the morphism Ψ of Lemma 2.1 gives a quasi-isomorphism ofČech complexes 
